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Let A be a finite-dimensional algebra over an algebraically closed field k. In order to
study the category modA of finitely generated left A-modules, we may assume that A is
basic and connected. By [8], there is a finite quiver (i.e. oriented graph)QA and a surjective
homomorphism of algebras ν : kQA → A such that Iν = kerν ⊂ (kQ+A)2, where kQA
denotes the path algebra associated to QA and kQ+A denotes the ideal of kQA generated
by all arrows in QA. For each pair (QA, Iν), called a presentation of A, we can define the
fundamental group π1(QA, Iν) (see [9,13] or Section 1.2 below). Then there is surjective
homomorphism of algebras F : A˜ν →A defined by the action of π1(QA, Iν) on A˜ν , called
the universal Galois covering of A with respect to ν. As in [8], we shall consider algebras
as locally finite k-categories.
Galois coverings have proved to be a powerful tool for the study of the module category
modA. Indeed, A is representation-finite if and only if A˜ν is locally support-finite and
locally representation-finite; in this case, if chark = 2, then A˜ν = kQ˜/I˜ where Q˜ is a
quiver without oriented cycles [4,9,14]. If A is tame, then A˜ is tame [6] but the converse
does not hold [11]. Certain A-modules may be described via the push-down functor
Fλ : mod A˜ν →modA, see [5].
In this paper we shall consider only triangular algebras, that is, algebras A= kQA/Iν
such that QA has no oriented cycles. In this case, a vertex x in QA is said to be
separating if for the indecomposable decomposition radPx = M1 ⊕ · · · ⊕ Ms , there is
a decomposition into connected components Q(x)A = Q1
∐
. . .
∐
Qt , with t  s, of the
induced full subquiver Q(x)A of QA with vertices those y which are not predecessors
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also [9]), the algebra A is separated if every vertex x in QA is separating. Recall that if
A is separated, then π1(QA, Iν)= 0 for any presentation (QA, Iν) of A (see, for instance,
[1,16]).
Let (QA, Iν) be a presentation of A. For any A-module X we consider the convex
full subcategory A(X) of A induced by those vertices in suppX. There is an induced
presentation νX : kQX → A(X) given by the restriction of ν. We shall say that an
indecomposable A-module X is of the first kind with respect to ν if there is a B˜-module
Y such that F ′λ(Y ) = X for the push-down functor F ′λ associated to the universal Galois
coveringF ′ : B˜→B =A(X) with respect to νX . The algebraA is said to be of the first kind
with respect to ν if for every vertex x in QA and every indecomposable direct summand
X of radPx , the module X is of the first kind. There are many algebras of the first kind.
For instance, any representation-finite triangular algebra is of the first kind. Observe that
our definition of “module of the first kind” differs slightly from that considered in [6]. The
main result of this work is the following theorem.
Theorem. Let A be a triangular algebra of the first kind with respect to the presentation
ν : kQA →A. Consider the universal covering F : A˜ν →A. Then the following holds:
(1) The fundamental group π1(QA, Iν) is free.
(2) If A is schurian, then A˜ν is separated.
We recall that a k-category A is schurian if dimk A(x, y)  1 for every couple of
vertices x, y in QA. We shall give examples to show that all hypothesis of the Theorem
are necessary. We remark here that the most notorious use of the Galois coverings of
algebras A occur when the fundamental group π1(QA, Iν) is free, as for example, when A
is representation-finite or certain tame situations [4,6,9]. The above result seems to be the
first giving general conditions on A in order that the fundamental group is free. The proof
of the Theorem is based upon the possibility of constructing the universal Galois covering
of an algebra by an inductive procedure. Indeed, knowing that the one-point extension
A= B[M] is of the first kind, we shall describe the universal cover of A using the universal
Galois cover of B and the indecomposable decomposition of the B-module M .
We shall give the proof of the Theorem in Section 2 after some preliminary remarks
and examples in Section 1. Section 3 is devoted to some application, namely, we
describe a construction of all the minimal representation-infinite algebras. In a forthcoming
publication we shall apply our results to derived tame algebras.
1. Preliminaries
1.1. Notation
Throughout the paper, k denotes a fixed algebraically closed field. By algebra is always
meant an associative, finite-dimensional k-algebra with an identity, which we shall assume
to be basic and connected.
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from the vertex x to the vertex y is a linear combination ρ =∑mi=1 λiwi , where, for each
1 i m, λi is a non-zero scalar and wi is a path of length at least two from x to y . For
any basic algebra A, there exists a surjective map ν : kQA → A induced by the choice of
a set of representatives of basis elements in the k-vector space radA/ rad2 A.
An algebra A= kQ/I can equivalently be considered as a k-linear category with object
class Q0 and the set of morphisms from x to y is the k-vector space kQ(x, y) of all linear
combinations of paths in Q from x to y modulo the subspace I (x, y) = I ∩ kQ(x, y).
A full subcategoryB of A is called convex if any path in A with source and target in B lies
entirely in B .
If A= kQ/I , the category modA of finitely generated left A-modules is equivalent to
the category of bound representations of (Q, I), we may thus identify a module M with
the corresponding representation (M(x),M(α))x∈Q0,α∈Q1 . For each vertex x ∈ Q0, we
denote by Sx the corresponding simple A-module, and by Px the projective cover of Sx .
Then radPx is the submodule of Px with Px/ radPx = Sx .
1.2. Fundamental groups
Let (Q, I) be a connected bound quiver. A relation ρ =∑mi=1 λiwi ∈ I (x, y) is called
minimal if m  2 and, for every non-empty proper subset J ⊂ {1, . . . ,m}, we have∑
j∈J λjwj /∈ I (x, y).
For an arrow α ∈Q1, we denote by α−1 its formal inverse. A walk in Q from x to y is
a formal composition αε11 α
ε2
2 . . .α
εt
t (where αi ∈Q1, εi =±1 for 1  i  t) starting at x
and ending at y . We denote by ex the trivial path at x .
Let ∼ be the smallest equivalence relation on the set of all walks in Q such that:
(a) If α :x→ y is an arrow, then α−1α ∼ ex and αα−1 ∼ ey .
(b) If∑mi=1 λiwi is a minimal relation, then wi ∼wj for all 1 i, j m.
(c) If u∼ v, then wuw′ ∼wvw′ , whenever these compositions make sense.
We denote by [u] the equivalence class of a walk u.
Let x0 ∈Q0 be arbitrary. The set π1(Q, I, x0) of equivalence classes of all the closed
walks starting and ending at x0 has a group structure defined by [u][v] = [uv]. The group
π1(Q, I, x0) does not depend on the choice of the base point x0. We denote this group by
π1(Q, I) and call it the fundamental group of (Q, I) (see [13]).
1.3. Galois coverings
Let F :A′ = kQ′/I ′ → A = kQ/I be a surjective map induced from a (surjective)
quiver map F :Q′ → Q. We say that F is a Galois covering defined by the action of
a group of automorphisms G of the bound quiver (Q′, I ′) if
(1) Fg = F for any g ∈G;
(2) F−1(x) = Gx ′, F−1(α) = Gα′ for vertices x in Q and x ′ in Q′ with Fx ′ = x and
arrows α in Q and α′ in Q′ with Fα′ = α;
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There is a Galois covering F : A˜ = kQ˜/I˜ → A = kQ/I defined by the action of
π1(QA, I). For any Galois coveringF ′ :A′ = kQ′/I ′ →A, there exists a (Galois covering)
map F : A˜ → A′ such that F ′F = F . Moreover, the group H of automorphisms of A˜
defining F is normal in π1(Q, I) and such that π1(Q, I)/H is the group of automorphisms
of A′ defining F ′. Therefore F : A˜→ A is called the universal Galois covering of A with
respect to (Q, I) (see [13]).
Proposition. Let F :A′ = kQ′/I ′ →A= kQ/I be a Galois covering defined by the action
of G. Let B be a convex subcategory of A and C be a connected component of F−1(B) as
a full subcategory of A′. The following holds:
(a) C is a convex subcategory of A′.
(b) The restriction F | :C → B is a Galois covering defined by the action of {g ∈ G:
gC = C}.
Proof. Let x → x1 → x2 → ·· · → xs = y be a path in Q′ with x, y in C. Then Fx →
Fx1 → ·· · → Fxs = Fy is a path in Q with Fx,Fy in B , hence all Fxi are in B and
all xi are in C.
Clearly H = {g ∈G: gC = C} is a subgroup of G. Hence F ′h= F ′ for any h ∈H and
F ′ = F | :C → B . Let Fx = Fy with x, y in C. We shall show that h(x) = y for some
h ∈H .
Indeed, let g ∈G be such that g(x)= y , then F(gC)= F(C)⊂ B . Therefore gC ∪C
induces a connected subcategory of A′ contained in F−1(B). Hence gC ⊂ C. Similarly,
g−1C ⊂ C and gC = C. Thus g ∈H .
It remains to show that F ′ is surjective. Let x ∈ F(C) and x α−→ y be any arrow in B .
There is a lifting x ′ α
′−→ y ′ with x ′ ∈ C and Fα′ = α. Hence α′ is in C and y ∈ F(C). ✷
1.4. One-point extensions
Let A = kQ/I and x be a source in Q. The full convex subcategory B of A induced
by Q0 \ {x}, has an induced presentation (QB, Iν ′) given by the restriction ν′ : kQB → B
of ν. The A-module M = radPx has a canonical B-module structure, and A is isomorphic
to the one-point extension algebra
B[M] =
[
k M
0 B
]
with the usual matrix operations. Dually, if x is a sink in Q, then A is isomorphic to the
one-point coextension [M]B of the full convex subcategory B of A by a B-module M .
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Let A = kQ/Iν be a triangular algebra. Let x be a source of Q and M = radPx .
Following [1], we denote by ≈ the smallest equivalence relation on the set x→ of arrows
starting at x such that α ≈ β (for α,β ∈ x→) whenever there exist y ∈Q0 and a minimal
relation
∑m
i=1 λiwi ∈ Iν(x, y) with w1 = v1α and w2 = v2β . We denote by [α]ν the
equivalence class of α ∈ x→. We denote by t (ν) the number of equivalence classes [α]ν .
Let c(x) denote the number of connected components of Q \ {x} and t (x) denote the
number of indecomposable direct summands in the decomposition of radPx . In [1] the
following is shown:
(a) c(x) t (ν) t (x).
(b) There is a presentation (Q, Iµ) of A such that t (µ)= t (x).
(c) By definition, x is a separating source of A if c(x)= t (x).
Proposition. Let A = kQ/Iν be a triangular schurian algebra and x be a source of Q.
Then t (ν)= t (x). In particular, x is a separating source if and only if c(x)= t (ν).
Proof. Let α ∈ x→. Following [1], we define an A-module M[α]ν as follows. Let A[α]ν
be the quotient of A obtained by deleting all arrows β ∈ x→ such that β /∈ [α]ν . Let P (α)x
be the indecomposable projective A[α]ν -module corresponding to the vertex x . We define
M[α]ν = radP (α)x . Then it is shown that M =
⊕
[α]ν M[α]ν . Hence t (x) t (ν).
It is enough to show that if A is schurian, then each M[α]ν is indecomposable. Indeed,
observe that given vertices a, b ∈ suppM[α]ν , we may find arrows x α1−→ y1 and x α2−→ y2
with α1, α2 ∈ [α]ν and paths y1 γ1a and y2 γ2b such that for any arrow c θ−→ d on γ1
or γ2, we have M[α]ν (θ) = 0. Moreover, there exist arrows α1 = β1, β2, . . . , βs = αs ∈ [α]ν
and minimal relations
∑mi
j=1 λ
(i)
j w
(i)
j in I with w
(i)
1 = v(i)1 βi and w(i)2 = v(i)2 βi+1, for
i = 1, . . . , s − 1. Since A is schurian, this yields a walk w = γ2δε11 . . . δεtt γ−11 from a to b
(where δi is an arrow and εi =±1, 1 i  t) such that any arrow c θ−→ d on w we have
0 =M[α]ν (θ) : k→ k. Hence clearly M[α]ν is indecomposable. ✷
1.6. Proposition. Let F ′ :A′ = kQ′/I ′ →A= kQ/Iν be a Galois covering defined by the
action of G. Assume that A′ is a separated category.
Then G= π1(Q, Iν) and A′ is isomorphic to A˜ν .
Proof. By the universal property of A˜ν , there exist a Galois covering map F : A˜ν → A′
given by the action of a groupH and such that F ′F = F : A˜ν →A is the universal covering
map. Then π1(Q′, I ′)=H .
Since A′ is separated, then π1(Q′, I ′)= 0 by [13]. Thus A˜ν ∼=A′. ✷
1.7. Push-down functors
Let F :A′ = kQ′/I ′ → A = kQ/I be a Galois covering defined by the action of
a group G. Following [5], we get functors:
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• Fλ : modA′ → modA, the left adjoint of F. defined by the conditions: Fλ is right exact
and Fλ(Px ′)= Px for any vertices x ′ ∈Q′0, x ∈Q0 with Fx ′ = x .
The following properties of the push-down Fλ are easy to verify:
(a) Fλ is exact, it preserves simple, projective and injective modules.
(b) If Fx ′ = x , then Fλ(radPx ′)= radPx .
(c) If Fλ preserves indecomposable modules, then Fλ induces an injection Fλ :
indA′/G ↪→ indA, where indB denotes the set of isoclasses of indecomposable B-
modules. (Indeed, Fλ(X) ∼= Fλ(Y ) implies ⊕g∈GXg = F.Fλ(Y ) =⊕g∈G Yg and
Y ∼=Xg for some g ∈G.)
(d) If G is torsion-free, then Fλ preserves indecomposable modules (since it is impossible
to have Xg ∼=X for some 1 = g ∈G because the action of G on A is free).
Proposition. Let X be an indecomposable A-module of the first kind. Let F ′ :A′ =
kQ′/I ′ → A= kQ/Iν be any Galois covering map. Then there exists an indecomposable
A′-module Y such that F ′λ(Y )=X.
Proof. Let B = A(X) the full convex subcategory of A generated by suppX. By
Section 1.4, if C is a connected component of F−1(B) as a full subcategory of B , then
F ′| :C → B is a Galois covering map. By the universal property there exists a covering
map F : B˜ν → C such that F ′F = F : B˜ν → B is the universal Galois covering. By
definition, X = Fλ(Z) for some indecomposable B˜ν -module Z. Hence Y = Fλ(Z) is a
C-module such that F ′λ(Y )= F ′λFλ(Z)= Fλ(Z)=X and therefore Y is indecomposable.
Finally, since C is convex in A′, Y may be viewed as an A′-module. ✷
1.8. Examples
(1) Let A be a triangular representation-finite algebra. Let (Q, Iν) be any presentation
of A. Then A is of the first kind with respect to ν. (Indeed, for any indecomposable
A-module X and B =A(X), the universal Galois covering F : B˜ν → B induces a bijection
Fλ : ind B˜ν/π1(QB, Iν ∩ kQB) ∼−→ indB .)
(2) Recall that a category A= kQ/I is said to be strongly simply connected if for every
convex subcategory B of A, B is separated. We claim that if F : A˜ν → A = kQ/Iν is a
universal Galois covering with A˜ν strongly simply connected and such that Fλ preserves
indecomposable modules, then A is of the first kind.
Proof. Let x ∈ Q0 and x ′ be such that Fx ′ = x . Consider the indecomposable decom-
positions radPx ′ = N1 ⊕ · · · ⊕ Ns in mod A˜ν and radPx = M1 ⊕ · · · ⊕ Mt in modA.
Hence
⊕s
i=1 Fλ(Ni) ∼=
⊕t
j=1 Mj are indecomposable decompositions, we may assume
Fλ(Ni)=Mi for 1 i  s = t .
Let B = A(M1) be the convex full subcategory of A induced by suppM1. As in Sec-
tion 1.4, let F ′ = F | :C→ B be a Galois covering map with C a convex full subcategory
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of A˜ν . Since A˜ν is strongly simply connected, then C is separated. By Proposition 1.6,
C = B˜ν . Then N1 is an indecomposable C-module with F ′λ(N1)=M1. ✷
(3) Consider the algebra A = kQ/I where Q is the quiver in Fig. 1, with ideal I
induced by α4α3β2β1 − β4β3α2α1, α4α3α2α1 − β4β3β2β1. Then the universal Galois
cover A˜= kQ˜/I˜ is given by the relations α4α3β2β1 − β4β3α2α1, α′4α′3β ′2β ′1 − β ′4β ′3α′2α′1,
α′4α′3α2α1 − β ′4β ′3β2β1, α4α3α′2α′1 − β4β3β ′2β ′1. The fundamental group π1(Q, I) is Z2.
Observe that A˜ is not separated. Finally, the module radPx is the indecomposable module
M in Fig. 2.
It is not difficult to see that M is not of the form Fλ(N) for any B˜-module where B˜ is
the category associated to the quiver 4. Hence A is not of the first kind.
2. Proof of the main theorem
2.1. Let A be a triangular algebra with a presentation ν : kQA → A. Let s be a
source of QA and M = radPs . Hence A = B[M] for an algebra B with presentation
ν| : kQB →B . Consider the universal Galois covering F : B˜ν → B defined by the action
of G= π1(QB, Iν ∩ kQB).
We shall construct certain Galois coverings of A considering its structure as one-point
extension A= B[M].
66 D. Castonguay, J.A. de la Peña / Journal of Algebra 263 (2003) 59–74Proposition. Assume that A is an algebra of the first kind. Then the following holds:
(a) There is a Galois covering F̂ :A′ → A defined by the action of G, such that B˜ν is
a convex subcategory of F̂−1(B) in A′ and the restriction of F̂ to B˜ν is F .
(b) If G is a free group, then G is a subgroup of π1(QA, Iν).
Proof. Consider a decomposition M =M1 ⊕ · · · ⊕Mt into indecomposable B-modules.
Then each Mi is a module of the first kind and there exits indecomposable B˜ν -modules Ni
such that Fλ(Ni)=Mi , 1 i  t (see Section 1.7).
(a) Define a k-category A′ with B˜ν as a full convex subcategory and additional
vertices {g′: g ∈ G}, all of them sources with radPg′ =
⊕t
i=1 N
g
i ∈ mod B˜ν . Since
Fλ(radPg′)=M for every g ∈G, we may extend F to get F̂ :A′ →A, a Galois covering
map defined by the action of G.
(b) Consider the universal Galois covering F˜ : A˜ν → A defined by the action of
π1(QA, Iν). There exists a covering map F ′ : A˜ν → A′ such that F̂ F ′ = F˜ . Moreover,
F ′ is defined by the action of a group H ✁π1(QA, Iν) such that π1(QA, Iν)/H ∼=G. If we
assume that G is free, then there is a section G ↪→ π1(QA, Iν) of the quotient map. ✷
2.2. Let A= B[M] with M = radPs as in Section 2.1. As in Section 1.5, let t (ν) be the
number of ≈-equivalence classes of arrows in s→. Consider the free group Lν in t (ν)− 1
generators.
Proposition.
(a) There is a quotient map ξ :π1(QA, Iν)→ Lν .
(b) If G = π1(QB, Iν ∩ kQB) is a free group, then π1(QA, Iν) is isomorphic to the free
product G ∗Lν . In particular, π1(QA, Iν) is a free group.
Proof. (a) As in Section 1.5 consider representatives α1, . . . , αm of the ≈-equivalence
classes of arrows in s→. Define M[αi ]ν (1  i  m) B-modules such that radPs =⊕m
i=1 M[αi ]ν (recall that not necessarily the modules M[αi ]ν are indecomposable, that is
m t (s)).
We shall construct a Galois covering F :A→ A defined by the action of Lν . For this
purpose, consider the universal Galois covering f :Um →Km of the Kronecker algebra
Km :∗
α1
αm
...
◦
defined by the action of Lν . In Fig. 3 we illustrate the case m= 3.
We define a category A as follows: for each vertex marked ◦ in Um we set a copy of B
as convex subcategory of A, additionally we keep all the sources marked with ∗ in Um. For
each ∗ in A we set radP∗ =⊕mi=1 M[αi ]ν , where M[αi ]ν is a module lying in the copy of B
corresponding to the arrow ∗ αi−→◦ in Um. Clearly A is a k-category accepting the action
D. Castonguay, J.A. de la Peña / Journal of Algebra 263 (2003) 59–74 67Fig. 3.
of the group Lν . The quotient under this action yields a Galois covering F :A→A which
corresponds to a quotient map ξ :π1(QA, Iν)→ Lν .
(b) We shall need a more explicit description of the map ξ . Let z be a vertex in QB used
as base point for the definition of π1(QA, Iν). For each vertex y in QB , let γy be a path
from z to y and consider representatives s αi−→ i of the ≈-equivalence classes of arrows
in s→.
Clearly, an element [γ ] ∈ π1(QA, Iν) may be written as
[γ ] =
r∏
i=1
[σi ]
[
γ−11 α
−1
1 αji γji
][σr+1] (∗)
with [σi] ∈G := π1(QB, Iν ∩ kQB), 1 i  r + 1.
The elements [γ−11 α−11 αjγj ] ∈ π1(QA, Iν) (2  j  m) generate a group isomorphic
to Lν . Indeed, consider the covering map F ′′ : A˜ν → A such that FF ′′ = F : A˜ν → A,
which induces the quotient ξ :π1(QA, Iν) → Lν such that any [σ ] ∈ G ⊂ π1(QA, Iν)
has ξ([σ ]) = 1. Therefore a [γ ] ∈ π1(QA, Iν) written as in (∗) above has ξ([γ ]) =∏r
i=1[γ−11 α−11 αji γji ].
To complete the proof, we shall show that for any word in π1(QA, Iν)
1=
r∏
i=1
[σi][ρi][σr+1]
with [ρi] ∈ Lν and [σi] ∈G, then we have that [ρi] = 1 and [σj ] = 1, for all i, j .
Indeed, we may assume that [σr+1] = 1, since otherwise
1 = [ρr ]
r−1∏
i=1
[σi][ρi][σr ],
and we may repeat the procedure until [σi] = 1. Clearly, we may also assume that [ρi] = 1
and [σi] = 1 for i = 1, . . . , r . Hence we consider [σ−1 ] =∏ri=1[σi][ρi]. Chasing anyr+1
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same copy of B˜ν in A˜ν , and
∏r
i=1[σi ][ρi]x and x lie on different copies of B˜ν in A˜ν . This
contradiction completes the proof of the claim. ✷
2.3. Proof of the main theorem
Let A = kQA/Iν be a triangular algebra of the first kind. Write A = B[M] as a one-
point extension with B a connected triangular algebra. Clearly, B is also of the first kind.
By induction hypothesis, π1(QB, Iν ∩ kQB) is a free group. Then Section 2.2 implies
that π1(QA, Iν) is free.
If A is schurian, then t (ν) = t (x) for any source x in QA. Hence M =⊕t (ν)i=1 M[αi ]ν
is an indecomposable decomposition, where [αi ]ν (1  i  t (ν)) are representatives of
the ≈-equivalence classes of arrows in s→. Consider the construction of the covering
F :A→A as in the proof of Section 2.2 and F ′′ : A˜ν →A such that FF ′′ = F : A˜ν →A is
the universal Galois covering. Assume A˜ν = kQ˜/I˜ .
Let x be any source in Q˜ with F(x) = s and radPx =⊕mi=1 Ni an indecomposable
decomposition in mod A˜ν . Then
⊕m
i=1 Fλ(Ni) =M =
⊕t (ν)
i=1 M[αi ]ν and each Fλ(Ni) is
indecomposable because π(QA, Iν) is free, see Section 1.7. Hence m = t (ν). Moreover,⊕t (ν)
i=1 F ′′λ (Ni) =
⊕t (ν)
i=1 M[αi ]ν where each summand M[αi ]ν belongs to a different copy
of B . Hence x is a separating source in Q˜.
Finally, let x be any vertex in Q˜ with F(x) in QB . As in Section 2.1, we build a Galois
covering F̂ :A′ → A defined by the action of G = π1(QB, Iν ∩ kQB), such that B˜ν is a
convex subcategory of A′ and the restriction of F̂ to B˜ν is the universal Galois covering
FB : B˜ν → B .
Since B is schurian, by induction hypothesis, B˜ν is separated. In particular, any vertex y
in QA′ with F̂ (y) = F(x), is separating in A′. Proceeding as above we get that x is
separating in A˜ν . ✷
2.4. Examples
(1) The schurian condition is necessary in part (b) of the Theorem. Indeed, consider the
algebra A= kQ/Iν with Q from Fig. 4 and Iν generated by γα − γβ2β1. With the given
presentation, A˜ν =A is not separated because radP1 decomposes. On the other hand, it is
clear that A is of the first kind with respect to ν.
(2) The converse of the Theorem does not hold. Indeed, let A= kQ/Iν be the algebra
given by Q in Fig. 5 with Iν generated by the commutative relations from 1 to 4 and 5
Fig. 4.
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and from 2 and 3 to 6, moreover,A(1,6)= 0. Clearly A˜ν = A is separated but radP1 is an
indecomposable module not of the first kind.
2.5. Let A be a finite-dimensional triangular algebra and ν : kQA →A be a presentation.
We say that ν is a good presentation at x , for a vertex x in QA, if the decomposition
radPx =⊕ti=1 M[αi ]ν associated to the ≈-equivalence in the set of arrows x→, has each
M[αi ]ν indecomposable, where P x is the indecomposable projective corresponding to x in
the algebra A(x) obtained from A by killing all the proper predecessors of x . We say that ν
is a good presentation if it is so at every vertex in QA. We observe that:
(a) The proof in Section 2.3 holds for any good presentation ν : kQA → A of an algebra
A of the first kind. For such an algebra A, the cover A˜ν is separated.
(b) Applying the construction given in [1, (2.1)(b)] inductively, we obtain that for any
triangular algebra A there is a good presentation µ : kQA →A.
Proposition. Let ν : kQA → A be a presentation of an algebra of the first kind. Consider
the universal Galois covering F : A˜ν → A defined by the action of the group G. Then the
following are equivalent:
(a) A˜ν is separated and G is torsion free.
(b) A˜ν is separated and G is free.
(c) ν is a good presentation.
Proof. We already know that (c) ⇒ (b) ⇒ (a).
Assume that A˜ν is separated and G is torsion free. We shall show that ν is a good
presentation. Indeed, let x be any vertex in QA and y in Q˜A such that Fy = x .
Suppose first that x is a source in QA. Hence y is also a source. Consider the
indecomposable decomposition radPy =⊕ti=1 Ni . Observe that for any arrow α ∈ x→,
there is a unique lifting α˜ ∈ y→ and i(α) ∈ {1, . . . , t} such that Ni(α)(α˜) = 0. Since A˜ν is
separated, this maps induces a one to one correspondence [α]ν → i(α). That is, t (ν)= t .
Moreover, since G is torsion free, then Fλ(Ni) is indecomposable for i = 1, . . . , t .
Therefore radPx = Fλ(radPy)=⊕ti=1 Fλ(Ni) is an indecomposable decomposition and
t (x)= t = t (ν). That is, y is separating in A˜ν and ν is good at x .
If x is not a source, we may write A as a one-point extension A = B[M] such that
x lies on QB . Consider a connected component B ′ of F−1(B) in such a way that the
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since A˜ν is separated, then B ′ is separated. By Section 1.6, B ′ = B˜ν for the restriction of
the presentation ν. Moreover, the group defining F | is a subgroup H of G and therefore
H is torsion free. By induction hypothesis, we get that the restriction of ν to B is good at
x and therefore ν is good. ✷
2.6. Corollary. Let ν : kQA → A be a presentation of an algebra A given as a one-point
extension A= B[M]. Consider the universal Galois coverings F : A˜ν →A defined by the
action of G and F ′ : B˜ν → B defined by the action of H . Then the following are equivalent:
(a) A˜ν is separated and G is torsion free;
(b) A˜ν is separated and G is free;
(c) ν is a good presentation, the cover B˜ν is separated with H a free group and
there exist indecomposable B˜ν -modules N1, . . . ,Nt such that
⊕t
i=1 F ′λ(Ni) is an
indecomposable decomposition of M .
Proof. (c) ⇒ (b). The hypothesis (c) yield exactly the facts needed for the proof in
Section 2.3.
(b) ⇒ (c). By Section 1.4 and Proposition 1.6, B˜ν may be obtained as a full convex
subcategory of A˜ν such that the restriction of F : B˜ν → B is the universal Galois covering
defined by the action of the subgroup H = {g ∈ G: gB˜ν = B˜ν} of G. Therefore, B˜ν is
separated and H a free group. Take x a source in A˜ν such that Fx = s, where radPs =M .
Consider the indecomposable decomposition radPx =⊕ti=1 Ni as B˜ν -module, then M =
Fλ(radPx)=⊕ti=1 Fλ(Ni) is an indecomposable decomposition by Section 1.7. ✷
3. Minimal representation-infinite triangular algebras
3.1. Let A= kQA/Iν be a triangular algebra. We say that A is minimal representation-
infinite if A is representation-infinite but every proper quotient A/L of A, where L = 0 is
an ideal of A, is representation-finite.
Important examples of minimal representation-infinite triangular algebras are the
critical algebras which accept a preprojective component in the Auslander–Reiten quiver
[3,12]. The purpose of this section is to provide a general procedure to construct all
the minimal representation-infinite triangular algebras. This is based on the following
proposition.
Proposition. Let A = kQA/Iν be a minimal representation-infinite triangular algebra.
Then the following holds:
(1) A is of the first kind with respect to ν.
(2) The universal Galois covering A˜ν →A is defined by the action of a free group and A˜ν
is separated.
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Proof. (1) Let x be any vertex in QA and X be an indecomposable direct summand
of radPx . Then the full convex subcategory B = A(X) of A is a representation-finite
triangular algebra. It is well-known (see, for example, [8,14]) that the covering F : B˜ν →B
induces a surjection Fλ : ind B˜ν → indB .
(2) By Section 2.5, we may suppose that ν : kQA → A is not a good presentation.
On the other hand, we know that there exists a good presentation µ : kQA → A. Hence
there should be a full subquiver Q′ of QA of the form as in Fig. 6 and such that
µ(βs+1 . . .β1) = 0. In case kQ′ is convex in A, we get A = kQ′ by minimality. Hence
ν is a good presentation, a contradiction.
Assume kQ′ is not convex in A. Then there is a quotient B of A with quiver Q′′ as in
Fig. 7 with m  1. In case m = 1 or j − i = 1, then dimk B(a, b) = 2 which contradicts
the minimality of A.
Then m  2, j − i  2, and µ(γm . . . γ1) = µ(βj . . .βi) in B . Then either B accepts
a proper quotient with a covering containing a convex subcategory of the form k4 with
4 as in Fig. 7, which would contradict the minimality of A, or else m = 2 = j − i and
A= kQ′′/(βjβj−1 − γ2γ1), which implies that ν is a good presentation. A contradiction
which completes the proof. ✷
3.2. Given two algebras B = kQ/I and A = kQ′/I ′ we say that A is obtained by an
admissible gluing of B if there exists a surjective quiver map ϕ :Q→Q′ such that:
(a) ϕ preserves the ideals, that is, the morphism induced between the quiver algebras
ϕ : kQ→ kQ′ satisfies ϕ(I)⊂ I ′.
(b) The induced morphism ϕ¯ :B = kQ/I →A= kQ′/I ′ is onto and faithful.
Theorem. Let A = kQA/Iν be a minimal representation-infinite algebra. Then A is an
admissible gluing of a critical algebra.
3.3. Examples
(a) Consider the critical algebra C = k4, where 4 is the quiver in Fig. 8 identifying 1
and 1′ and then 2 and 2′ we get an admissible gluing A1 as in Fig. 9 where the dashed line
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indicates a commutative relation. Also, A2 with relations generated by αβγ , is obtained
from C by 1 → 1, 1′′ → 1, etc.
The algebra A1 is minimal representation-infinite of tame type, while A2 is not minimal
representation-infinite.
(b) The algebras A = kQ/I given by Fig. 10 with I = 〈αβγ 〉. Then A is obtained by
gluing a hereditary algebra of type E˜7. The algebra A is minimal representation-infinite of
wild representation type.
3.4. Proof of Theorem 3.2
By Section 3.1, there is a Galois covering F : A˜ν → A defined by the action of a free
groupG and such that A˜ν is separated. We shall prove that A˜ν is strongly simply connected,
that is, every convex full subcategory C of A˜ν is simply connected. We divide the proof in
several steps.
(1) For this purpose, write A = B[M] as a one-point extension with extension vertex
s in QA such that radPs = M =⊕mi=1 Mi is an indecomposable decomposition. By
Section 3.1, A is of the first kind with respect to ν and therefore by Section 2.5, ν is a good
presentation, that is, we may assume that Mi =M[αi ]ν for some arrow αi ∈ s→. Consider
the universal covering F : A˜ν = kQ˜/I˜ → A, then as in the proof of the main Theorem in
Section 2.3, we find a convex subcategory B of A˜ν such that B ∼= B˜ν and the restriction
of F yields the universal covering F :B → B . Moreover, we find indecomposable
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B is separated, then B is strongly simply connected (see, for example, [1]).
Let C be a finite convex full subcategory of A˜ν . By the description of A˜ν as
given in Section 2.3, there are finitely many convex subcategories C1, . . . ,Cs of B ,
elements h1, . . . , hs ∈ G and sources s1, . . . , st in Q˜ such that F(si) = s for 1  i  t
and C is formed by the vertices on h1(C1), . . . , hs(Cs) and s1, . . . , st . Observe that
hi(Ci) and hj (Cj ) are disjoint for i = j and C is a t-fold one-point extension C =
(C′[N ′1])[N ′2] . . . [N ′t ], where C′ is the disjoint union of the hi(Ci), 1  i  s, and each
N ′i = radPsi is a direct sum of modules which are restrictions to C′ of modules of the form
h(Nj ) for some 1 j m and h ∈G.
(2) We claim that sj is separating in C. Otherwise, we may suppose that there is a convex
subcategory B ′ of B and j ∈ {1, . . . ,m} such that the restriction N ′ of radPsj =Nj to B ′
decomposes. To get a contradiction, consider the convex subcategory B(Nj ) of B induced
by the support of Nj , {x ∈ Q˜: Nj (x) = 0}, which is strongly simply connected (recall
that B is so). Moreover, B(Nj ) is schurian (since B is representation-finite) and Nj is
sincere as a B(Nj )-module. Then B(Nj ) is a poset algebra (see [10, (2.1)]). Since Nj is
sincere and dimk Nj (x)= 1 for any vertex x in B(Nj ), then also the one-point extension
B̂(Nj )= B(Nj )[Nj ] is a poset algebra. Our assumption implies that B̂(Nj ) is not strongly
simply connected, but then [7, (3.3)] yields the existence of a full subcategory of B̂(Nj )
of the form in Fig. 11, where the intersection of the convex hull of {ai, bi} and the convex
hull of {ai, bi+1} is {ai} (respectively the intersection of the convex hulls of {ai−1, bi} and
{ai, bi} is {bi}) for 1 i  n and bn+1 = b1, a0 = an. Since B(Nj ) is representation-finite,
we may assume that sj = an. Since sj is separated in A˜ν , there exists a vertex c in Q˜ such
that A˜ν(b1, c) = 0 = A˜ν(bn, c) and A˜ν(an, c) = 0.
The full subcategory of A induced by the vertices F(a1), . . . ,F (an), F(b1), . . . ,F (bn)
is representation-infinite and, since A is triangular, F(c) does not coincide with any of the
above. This contradicts the fact that A is minimal representation-infinite. Showing that sj
is separated in C.
(3) We complete the proof that C is simply connected (and therefore A˜ν is strongly
simply connected).
Indeed, as observed in (1), B is strongly simply connected and hence C′ is simply
connected. By (2), all the sources s1, . . . , st are separating in C. Therefore by [16, (2.3)],
C is simply connected.
To prove the theorem we distinguish two cases.
(a) Assume A˜ν is locally representation-finite. Since A is not representation-finite, then
A˜ν is not locally support finite, that is, there is a vertex a in Q˜ such that
⋃
suppX, for X
an indecomposable A˜ν-module such that X(a) = 0, is unbounded.
Fig. 11.
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[4,15]) we get an infinite convex subcategory C of A˜ν corresponding to a linear quiver
without relations. Therefore F(C) determines a representation-infinite (not necessarily
full) subcategory of A which is hereditary of type A˜n, for some n. By minimality of A,
we get that A= k  4 for a graph 4 of type A˜n. Hence A is a critical algebra.
(b) Assume A˜ν is not locally representation-finite. Since A˜ν is strongly simply
connected, then [4] yields a critical convex subcategoryC of A˜ν . Then as aboveF(C)= A.
We just need to show that F(C) is an admissible gluing of C. This is so because
F :C → F(C) = A is a faithful and onto morphism of algebras induced by a surjective
map of quivers. ✷
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